This paper presents an analysis and design for a reflectarray antenna composed of an array of rectangular patches printed on a grounded dielectric slab. A simple analytical technique based on equivalent surface impedance is used to determine the reflection of the elements in reflectarray antenna. This equivalent surface impedance is obtained analytically in a closed form. The effect of the angle of incidence on each element in the reflectarray is included in calculations. To author's knowledge, this property has not been included in previous analysis techniques of reflectarray antenna.
Introduction
High gain antennas are important for different applications like satellite communication systems, point to point microwave links and radar applications. High gain can be obtained by using reflector antennas, lens antennas or antenna arrays. The main disadvantages of the first two types are the bulky structures and the heavy weight. The main disadvantage of the third type is the large losses in the feeding network of large arrays. Berry et al. [1] suggested a combination between antenna arrays and reflector antenna. They introduced a planer reflectarray with phase distribution similar to the corresponding one on the aperture of reflector antenna due to the same feed. This phase distribution can be obtained in the case of a planar reflectarray by adjusting the dimensions of the patches of the reflectarray.
Full wave analysis of the microstrip reflectarray was introduced by Pozar [2] . In this case each element of the reflectarray is represented as an element in an infinite array. A single element with periodic boundary conditions is used to model the reflection of this element for different dimensions. Based on this analysis and the required phase distribution the size of each element in the reflectarray is determined. The analysis of a single element inside periodic boundary conditions can be obtained numerically by using the method of moments to solve electric field integral equation, the finite difference time domain method or the finite element method [3] [4] . The common disadvantage of these techniques is the required computational time. Thus, these methods are usually used to determine the reflection of the element at normal incidence only and use the result for all the elements in the reflectarray. For actual case, the incident field from the source to each element on the reflectarray antenna has its own angle of incidence which is different from other elements. Direct numerical calculation of each element with its angle of incidence would require huge computational time and storage. Capozzoli et al. [5] [6] introduced an algorithm for reflectarray synthesis based on MoM. Their algorithm takes into consideration the actual incidence angle. They applied numerical acceleration by using parallel programming based on Graphics Processing Units to overcome the required large computational time.
Recent approaches in reflectarrays are based on closely spaced elements [8] [9] or sub-wavelength elements [10] to increase the operating bandwidth of the reflectarray. For infinite arrays of these closely spaced and sub-wavelength elements of simple canonical shapes, the reflection coefficients can be formulated analytically in simple closed forms by using analytical techniques [11] . The advantage of these analytical techniques is that they can include the angle of incidence without additional computational cost. The analytical form of the reflection coefficient of the element is formulated as an equivalent surface impedance. To include the effect of the substrate, an equivalent transmission line network is used. The complete network based on this surface impedance and the transmission line network is used to obtain the reflection coefficient for any angle of incidence. Albertsen [7] proposed a similar analytical method based on calculating magnetic currents at the gaps between rectangular patches. The radiated fields are obtained by using Love's equivalence principle.
In this paper, a new analytical representation is used to determine the sizes of the different patches on the reflectarray surface which correspond to the required phase distribution on the aperture of the reflectarray. The dimensions of each element are calculated by using simple analytical form which is function of the location of the element, the angle of incidence and the required phase at this location. The design is verified by simulating the complete reflectarray using CST [12] .
It should be noted that the total radiation pattern of a reflectarray is a function of both amplitude and phase distribution of the scattered fields from the aperture of the reflectarray. The phase distribution at each point is mainly a function of the size and the shape of the reflecting element at this point which is the main target of the present paper. However, the amplitude distribution of the scattered wave at the aperture is mainly a function of the feeding structure and its location. Although, the present results are limited to simple cases of a pencil beam, this analysis can also be applied for other conditions by using the corresponding appropriate amplitude and phase distributions to control the shape of the beam and the sidelobe level. However, this is not the main target of the present paper.
The organization of the paper is as follows; Sec. 2 presents the basic theory of the analytical technique for designing the element of the reflectarray. Sec. 3 represent the results and discussions of the calculated far field of the reflectarray. Also a comparison between the reflectarray antenna and parabolic reflector is represented. Finally conclusion is presented in Sec 4.
Theory

Basic Theory of reflectarray Antenna
The proposed reflectarray is assumed to be composed of square patches on a grounded dielectric slab as shown in Fig. 1 . The feeding structure is a simple horn antenna located at the focal point of the reflectarray. The required phase distribution on the surface of the reflectarray is determined by the condition [2] :
where is the required phase of the reflected field at the point on the aperture of the reflectarray to produce a main beam at the direction of the unit vector 0 and is the distance from the feeding point to the required point on the aperture of the reflectarray. This phase distribution at each point on the surface of the reflectarray is obtained by adjusting the size of the square patch at this point. The dimension of the unit cell is assumed to be constant. The analysis of the reflection coefficient of each cell is the key point in the design procedure. The present analysis is based on approximating each cell to be nearly embedded inside an infinite array of such cells. This approximation can be accepted since the variation between adjacent cells is usually very small compared to wavelength in a close area. Another approach based on macro cell configuration can also be used to present the effect of a small group of scattering elements on the reflectarray structure [6] . However, this approach may not be directly suitable in the present case to obtain the equivalent surface impedance of each element. Thus, the present analysis would be limited on the infinite array approach.
Equivalent Impedance Method of Infinite Periodic Patches
Periodic conducting patches, as shown in Fig. 2 , can be represented as an equivalent surface impedance by using averaged boundary conditions (ABC). For the case of periodic patches on a grounded dielectric slab, the problem can be modeled as a short-circuited transmission line section loaded by the surface impedance of the patches as shown in Fig. 3 . The corresponding characteristic impedances of these transmission line sections depend on the polarization of the incident wave and the angle of incidence as follows [13] : = /cos (2) = cos (3) where is the characteristic impedance of the medium n. = 0 corresponds to free space and = 1 corresponds to the dielectric slab. Here 0 is the angle of incident wave and 1 is the angle of transmitted wave inside the dielectric slab. The equivalent surface impedance of the periodic patches is a function of the periodic cell, the dimensions of the patch, the angle of incidence and the polarization of the incident wave as follows [13] :
where is the grid parameter which is given by: = / • ln(1/sin( /2 )) (6) D is the unit cell size and w is the spacing between the patches as shown in Fig. 2. = 0√ , = ( + 1)/2 is the relative effective permittivity and k 0 is the wave number in free space. Equations (4) and (5) are valid only if < 2 [13] . It should be noted from (5) that equivalent surface impedance of periodic patches is independent on the angle of incidence for the case of TM polarization. Based on Eq. (4) and (5) and the equivalent transmission line circuit one can obtain the equivalent surface impedance of a grounded dielectric slab loaded by periodic patches for both TE and TM polarization as follows: = // 1 tan 1 (7) = // 1 tan 1 (8) where t represents the substrate thickness and 1 = 1 cos 1 is the normal component of the propagation constant inside the dielectric slab. To test the validity of the above two equations, a comparison between analytical and numerical solutions of reflection coefficient of a grounded dielectric slab loaded by periodic square patches is presented. The numerical solution is based on MoM analysis as discussed in [2] .The slab is assumed to be Rogers 6010 with dielectric constant =10.2 and dielectric thickness = 1 mm. The authors examined other values of dielectric constants. It is found that lower values of dielectric constant like 2.2 cannot obtain the required phase range for the proposed scattering elements. The periodic cells are assumed to be square of a periodic length D = 5 mm . The nominal size of the square patch is assumed to be 0 = 3.6 mm. The size of the patch is varied to be = 0 + ∆ where ∆ / 0 varies from -0.35 to 0.35 as shown in Fig. 4 . The operating frequency is assumed to be 10 GHz and the incident angle in this case is 20 degrees. Figure 4 shows a comparison between the analytical solution and the numerical solution. It can be noted the excellent agreement between the two solutions for both TE and TM polarizations. Based on the above result, it can be concluded that Eq. (9) and (10) can be used directly to obtain the complex reflection coefficients for both TE and TM incident plane wave on a periodic array of square patches printed on a grounded dielectric slab. These equations include the angle of incidence. Thus, by inserting these two equations in the design procedure of the reflectarray it would be possible to obtain the required dimension of the patch at each cell according to the polarization and angle of incidence at the location of this patch. This property is not included in previous design procedures which are based on MoM analysis or other similar numerical techniques.
Design of a Reflectarray based on Analytical Reflection Coefficient
In this section, the above mentioned theory is used to design an X-band reflectarray antenna based on square patches on a grounded dielectric slab. The operating frequency is assumed to be 10 GHz. The parameters of the grounded dielectric slab and the periodic patches are the same as mentioned in the above analysis of Fig. 4 . The reflectarray consists of 60 × 60 square patches which corresponds to a square aperture of length 10 λ at the proposed operating frequency. The focal to edge length ratio of this reflectarray is assumed to f/D =1. A conical horn antenna at the focal point is used as the feeding antenna for this reflectarray. The radiation pattern of this horn antenna is nearly equivalent to cos 4 [14] . For such f/D ratio and the proposed feeding antenna, the subtended angle of the reflectarray by the feeding beam is 26.5 degrees and the amplitude taper at the reflectarray edges is nearly -5dB.
Based on the length of the square aperture and the f/D ratio, the required phase distribution on the aperture of the reflectarray is obtained by using Eq. (1) as shown in Fig. 5 . The next problem is to determine the sizes of the patches at each cell on the aperture of the reflectarray. In the present technique, the angle of incidence and the polarization of the incident quasi-plane wave on each cell individually is taken into consideration. Then these parameters are used into (9) and (10) to find out the length of the patch which introduces the required phase at this angle of incidence and polarization. Based on this procedure, the sizes of the patches on all cells are obtained. The obtained geometry of the complete reflectarray is simulated by using full wave electromagnetic simulator (CST) to obtain its gain as a function of frequency. Figure 6 shows the obtained gain in this case. It is found that the peak gain is shifted towards a lower frequency at nearly 9 GHz. In [13] it is mentioned that this shift may be explained due to the increase of effective capacitance of the closely spaced elements. Hence, the resonance frequency will be lower than the expected value. To compensate this frequency shift, a correction factor m for w is added to the grid parameter in (6) as follows: = / • ln(1/sin( /2 )) (11) Different values for m are studied to obtain the optimum value which introduce the peak gain at the proposed design frequency. According to the different results, the optimum value of m is found to be nearly 0.7. Figure 7 shows the gain of the reflectarray antenna after using the modified grid parameter. It can be noted that the peak gain in this case is about 28 dB at the frequency range from 10 to 10.5 GHz which is good compared to expected ideal maximum gain for this aperture area which should be about 31dB according to the relation = 4 / 2 (12) where A is the physical area of the radiation aperture. The losses in this case can be attributed due to spillover and amplitude taper efficiencies [2] .
The same reflectarray is designed by using phase distribution based on normal incidence only as in the previously published analyses. The obtained gain of this reflectarray is compared with the corresponding gain of the present analysis as shown in Fig. 8 . It can be noted that the reflectarray of the present analysis has 1dB gain bandwidth of 12.43% while the reflectarray based on normal incidence analysis only has 1dB gain bandwidth of 9.79%. Comparison between calculated antenna gains of two reflectarray designs. The first design is based on analysis of the elements by using normal incidence only and the second design is based on the analysis of each element with its actual angle of incidence.
To compare this reflectarray antenna with the corresponding parabolic reflector antenna, we reduced the dimensions of the designed reflectarray to be of a circular aperture as in the case of the reflector antenna. The antenna gain of a designed circular reflectarray is compared with the corresponding gain of a parabolic reflector antenna with the same parameters; diameter, / ratio and feed. Figure 9 shows this comparison. It can be noted that the present circular reflectarray has a gain of 26.74 dBi at 10 GHz while the parabolic reflector has a gain of 27.42 dBi at the same frequency. It can also be noted that the gain of the reflector antenna is increasing by increasing the frequency. However, the gain of the reflectarray antenna is increasing up to about 10 GHz then it decreases at higher frequencies. This can be explained due to the narrow band of the appropriate phase shift distribution of the reflectarray's elements. 
Conclusions
A simple and fast analytical technique is used to model the elements of reflectarray antenna. This model includes the angle of incidence and the polarization of the incident ray on each element of the reflectarray antenna. This property improves the accuracy of the design of the total reflectarray antenna. It is shown that the designed reflectarray by using this technique has a better gain bandwidth compared with the corresponding reflectarray designed by using normal incidence analysis. The result of the designed reflectarray is also found to be with comparable properties in its operating bandwidth compared with the corresponding reflector antenna. The present analysis is limited to square patches on a grounded dielectric slab. However, the basic theory can be modified for other configurations. This point is under investigation.
